We have investigated quantum entropy of a static black hole arising from the massless scalar field with Lorentz violation induced by the coupling to Einstein tensor. Our results show that the coupled massless scalar field contributes to the classical Bekenstein-Hawking term in the black hole entropy. The corrected classical Bekenstein-Hawking entropy is not one quarter of the event horizon area of the original background black hole, but of a corresponding effective metric related to the coupling. It means that the classical Bekenstein-Hawking entropy depends not only on the black hole parameter, but also on the coupling which reduces Lorentz violation. Black hole entropy, which was first introduced by Bekenstein and widely accepted after Hawking's discovery of the black hole thermal radiation [1] [2] [3] , plays an important role in the modern physics because it is connected with gravity, quantum theory, thermodynamics and statistics. However, the exact physical origin of the black hole entropy and the degrees of freedom counted for the entropy are still unclear. The resolutions of such fundamental problems are extremely important for black hole physics. To obtain a microscopic statistical interpretation to the black hole entropy, 't Hooft [4] proposed the "brick wall" model in which the black hole entropy is identified with the statistical-mechanical entropy which arises from a thermal bath of quantum fields propagating outside the event horizon. In this model, two extra "brick wall" cut-off factors h and L are introduced to eliminate the ultraviolet divergence near the event horizon and the infrared divergences at the spatial infinite, respectively. It is equivalent to imposing Dirichlet boundary condition on the boundary. Combining with the lowest order (in terms of ) WentzelKramers-Brillouin (WKB) approximation, one can find that the quantum corrected entropy of a black hole is approximated as
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where quantities ǫ and Λ are related to the cut-off * csb3752@hunnu.edu.cn † jljing@hunnu.edu.cn factors h and L, respectively. The factor G(A H ) is a function of the event horizon area A H . It means that quantum entropy of a black hole contains a usual Bekenstein-Hawking term and a logarithmic correction term. The former can be expressed as one quarter of the event horizon area by the renormalization of the Newton gravity constant, which is independent of the quantum fields propagating in the spacetime. The latter describes the contribution of quantum fields to the black hole entropy, which depends heavily on the behaviors of the quantum fields and the properties of the background spacetime. Both of them have the factor of the event horizon area, which means that black hole entropy possesses the geometric character. Thus, there's no doubt that the "brick wall" model reveals some remarkable features of quantum entropy of black holes. Meanwhile, it is worth to note that as a semiclassical approach, the "brick wall" model has some drawback. For example, it has to impose two cut-off factors to eliminate the divergence near the event horizon and at the spatial infinite, which results in that the "brick wall" entropy depends on the cut-off scale. Moreover, due to adopting the lowest order WKB approximation, densities of the states and canonical entropy of the matter fields are usually evaluated with no higher precision. However, it is obvious that one can obtain the area law of Bekenstein-Hawking entropy through the "brick wall" model. Thus, this approximate model has been extensively used to compute the leading order terms in the black hole entropy for different theories of gravity.
In cosmology, it is well known that the extra inter-action terms are introduced in the Lagrange action to explain the accelerating expansion of the current Universe. It is widely believed that the accelerating expansion of the Universe confirmed by the current observations [5] [6] [7] [8] will exert a profound influence upon the modern cosmology and theory of gravity. One of the most interesting interactions is the coupling between scalar field and the Einstein tensor, which is described by the term G µν ∂ µ ψ∂ ν ψ [9] . The attractive features of such theory are that the derivative coupling term can provide not only a mechanism to explain the accelerating expansion of the current Universe, but also a mechanism to solve naturally the problem of a graceful exit from inflation without any fine-tuned potential in the early Universe [9] [10] [11] [12] [13] . Moreover, one can find that in this theory the equation of motion of scalar field is still a second-order differential equation, which means that it is a "good" dynamical theory [9] .
From the point of view of physics, a good theoretical model in cosmology should be examined by black hole physics since black hole is another fascinating aspect in the modern theories of gravity. Thus, it is very necessary to study such coupling theory in black hole physics. We [14] studied the dynamical evolution for a scalar field coupling to Einstein's tensor in the background of a Reissner-Nordström black hole and found a distinct behavior of the coupled scalar field that the growing modes appear as the coupling constant is larger than a certain threshold value. Moreover, Minamitsuji [15] investigated such coupling theoretical model in Braneworlds and the scalar-tensor theory, and found that a new phase transition from a Reissner-Nordström black hole to a hairy black hole takes place in asymptotically flat spacetime because the Abelian U (1) gauge symmetry is broken in the vicinity of the black hole horizon when the coupling constant is large enough [16] [17] [18] . These results have attracted more attention on the investigations of the full properties for such special coupling model in the black hole physics.
Since the coupling term modifies the behaviors of scalar fields propagating in the spacetime, it is expected that the coupling will affect black hole entropy. However, unlike in the usual case, the coupling between massless scalar field and Einstein tensor changes the dispersion relations and the maximum propagation velocity of the field, which yields the coupled massless scalar field does not satisfy Lorentz invariance again. It means that Lorentz invariance is broken as the scalar field couples to Einstein tensor. Recently, Lorentz violation has been investigated extensively in different theoretical models because its existence will have a great influence on the fundamental physics and yield that many subjects are need to be reconsidered (see [19] for a review). Therefore, it is quite necessary to study quantum entropy of black hole arising from the massless scalar field with Lorentz violation induced by the coupling to Einstein tensor. However, the appearance of Lorentz violation make the calculation of black hole entropy more complicated. Firstly, for the coupled massless scalar field, the position of the event horizon of a black hole is not overlapped again with that for the light because its propagation velocity in the background spacetime is not equal to the speed of light. Moreover, the usual method for calculating quantum entropy of black hole arising material field is invalid because the statistical mechanics must be corrected in the case with Lorentz violation [20] . Fortunately, such Lorentz violation induced by the coupling to Einstein tensor can be regarded formally as Lorentz invariance in another effective metric, where the coupled massless scalar field in the original background spacetime can be looked as a free scalar field propagating with the speed of "light". Thus, in the effective metric, Lorentz invariance is guaranteed formally for the scalar field and calculating quantum entropy of a black hole is still available. Especially, the effective metric as a methodology has been applied widely in the non-linear dynamics including moving fluids, Bose-Einstein condensates, superfluids, nonlinear electromagnetism, and so on (see [21] for a review). In this Letter, we apply effective metric to study the black hole entropy arising from massless scalar field with Lorentz violation induced by the coupling to Einstein tensor. Our results show that with Lorentz violation the coupled massless scalar field contributes to the classical Bekenstein-Hawking term in black hole entropy. The corrected classical Bekenstein-Hawking entropy is not one quarter of the event horizon area of the original background black hole, but of a corresponding effective metric. It means that the classical Bekenstein-Hawking entropy depends not only on the black hole parameter, but also on the coupling which gives rise to Lorentz violation.
In the standard coordinate, the metric for a static black hole spacetime can be expressed as
Here f is a function of the polar coordinate r, which can be written as f = H(r)(r − r H ) for a nonextremal static black hole spacetime and H(r) is a continuous function of r. The quantity r H is event horizon radius of a black hole. The Einstein tensor G µν for the metric (2) has a form
with
where the prime ′ denotes the derivative with respect to r.
The action of a massless scalar field coupling to Einstein tensor in the curve spacetime can be described by
where the term
Separating ψ = e −iEt Ψ(r)Y lm (θ, φ), we obtain the radial equation for the coupled scalar field in the static black hole spacetime (2)
The radial equation (7) can be reduced to that in the usual case of the scalar field without coupling to Einstein tensor as the coupling constant α → 0. Here, we consider only the case with a(r) = −b(r) because when a(r) = −b(r) the coupling does not affect actually the radial equation of the scalar field propagating in the spacetime under WKB approximation. For the case with a(r) = −b(r), the emergence of the coupling constant α in the radial equation will change the dynamical behavior of the scalar field and affect the quantum entropy of the black hole. However, after some careful analysis, we find that in this case the coupling term modifies the dispersion relations of the massless scalar field, which results in that the propagation velocity of the massless scalar field in the background spacetime becomes
Here l 0 and τ are the proper distance and time in the background spacetime, respectively. p µ = dx µ dλ is the momentum of the scalar field where λ is the affine parameter. For the case a(r) = −b(r), one can find that the velocity of a coupled massless scalar field propagating in the spacetime depends on the coupling strength between the field and Einstein tensor.
The coupled massless scalar field is superluminal for α < 0 and is subluminal for α > 0. It is well known that the usual event horizon of black hole is defined originally by the null hypersurface from which the light can not be escaped, which implies that the event horizon for the light is not coincide with the event horizons for the superluminal or subluminal particles. The modification of the dispersion relations and the appearance of superluminal phenomenon means that Lorentz invariance is broken for the massless scalar field coupling to Einstein tensor. It implies that the usual method for calculating quantum entropy of black hole arising material field is invalid because the statistical mechanics must be corrected in the case with the broken Lorentz invariance [20] .
Although the propagation velocity of the scalar field coupling to Einstein tensor is not the speed of light in the original static black hole spacetime (2), we find that it can propagate with "light" velocity in another effective spacetime with the metricg µν , which is defined by rewriting the action (5) as
In other words, the coupled massless scalar field in the original background spacetime g µν (2) can be regarded as a free scalar field in the effective spacetime withg µν , which means that the Lorentz invariance is guaranteed formally in this effective spacetime and then the usual method for calculating quantum entropy of black hole is still valid in this case. The effective metricg µν can be expressed as
Obviously, the effective metric is quite different from the original one. Due to its dependence on the coupling constant α, the effective metric coefficients are different for the coupled scalar fields with different coupling strength. From the definition of the null hypersurfaceg µν ∂f ∂x µ ∂f ∂x ν = 0, it is easy to find that the event horizon radius for the scalar field satisfies g rr = f 1−αb(r) = 0 and is still r = r H in the static effective spacetime (10) . However, the area of the event horizon is modified in this case, which could change the properties of the black hole entropy. With this effective metric, it is convenient for us to make a comparison among quantum entropy for the scalar field with different coupling parameter. From the quantity r) is a function of r) , we can find that there exist two extra singularities which is caused entirely by the coupling between the scalar field and Einstein tensor in the original background spacetime. Considering that the scalar field should propagate continuously in the region outside the event horizon, we make a constraint condition that two singularities lie inside the event horizon r H so that they do not affect the propagation of the scalar field in the spacetimeg µν .
From Eq.(9), one can find that the equation of motion of a coupled mass scalar field can be rewritten as the form of a free Klein-Gordon equation in the effective spacetime
Separating the variable ψ = e −iEt Ψ(r)Y lm (θ, φ) and inserting the effective metric (10) into equation (11), we find that the radial equation has the same form with the previous radial equation (7). However, the Lorentz invariance is guaranteed in this case and we can compute the quantum entropy of black hole by usual 't Hooft "brick-wall" method [4] . From the radial equation (7), one can obtain the r-dependent radial wavenumber
From the "brick-wall" model, one can find that the boundary conditions of the scalar field Ψ(r) are
where h ≪ r H and L ≫ r H . Here h and L are the brick-wall cut-off parameters introduced to eliminate the ultraviolet and infrared divergences, respectively. Adopting to the WKB approximation, we have Ψ(r) ≈ e iS(r) . Here, the solution Ψ(r) is regarded to be stationary with regard respect to the radial variable throughout the spatial manifold and the amplitude is assumed to be a slowly varying function of the radial coordinate r.
According to the semi-classical quantization condition, the total number of radial modes is given by
The total number of the modes with energy E can be obtained by integrating over the volume of phase space [22] n(E) = 1 (2π) 2 dθdφ n r (r, l, E)dp θ dp φ
dr dθdφ k(r, l, E)dp θ dp φ .
For an equilibrium ensemble of states of the coupled field, the free energy is given by
Substituting the wavenumber (12) and the number of the modes (15) into equation (16), we can obtain the free energy for the coupled scalar field
Letting r = r H + x and ignoring the effect from the boundary L ′ , one can find that the free energy obeys
Then the statistical-mechanical entropy of the black hole arising from the scalar field coupling to Einstein tensor is given by
For the effective spacetime (10), the surface gravity at the horizon r H is κ = − 
is the event horizon area of the effective metric (10) rather than the original one (2), which depends on the coupling between the scalar field and the Einstein tensor. Obviously, the first term in the black hole entropy (21) can be expressed as one quarter of the event horizon area of the effective metric by the renormalization of the Newton gravity constant G. This means that the coupling constant changes not only the logarithmic correction term, but also the classical Bekenstein-Hawking term in black hole entropy, which is quite different from that in the case without the coupling between the scalar field and the Einstein tensor. With increase of the coupling strength, the event horizon areaÃ H and the black hole entropy increase for the subluminal field with the positive coupling constant and decrease for the superluminal field with the negative one. It can be understood by a fact that the superluminal signal can give us more information from a black hole. Although the form of the corrected Bekenstein-Hawking entropy is very similar to those of some black holes carried certain a "hair", we must point out that the effective metric is not a solution of the field equation and the original background black hole does not carry any new "hair". Thus, our study do not violate the "no hair" theorem. The nongeometrical terms in the entropy formula originates from the Lorentz violation induced by the coupling to Einstein tensor. The main reason is that Lorentz violation leads to that in the original background spacetime the maximum propagation velocity of the massless scalar field is not the speed of light and then the usual event horizon for light is not again the horizon for the massless scalar field coupling to the Einstein tensor.
Summary, we have studied quantum entropy of a static black hole arising from the massless scalar field with Lorentz violation induced by the coupling to Einstein tensor. Our results show that there exist contributions from the coupled massless scalar field to the classical Bekenstein-Hawking term in black hole entropy. The corrected classical BekensteinHawking entropy is not one quarter of the event horizon area of the original background black hole, but of a corresponding effective metric related to the coupling. It means that the classical BekensteinHawking entropy depends not only on the black hole parameter, but also on the coupling giving rise to Lorentz violation.
